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ABSTRACT

This study investigates advanced mathematical modelling and MATLAB-based simulation techniques for
analysing nonlinear dynamical systems across engineering, biological, environmental, and socio-
economic domains. Non-linearity systems have interesting phenomena such as biostability, unstable
periodic orbits and chaos which linearised gain-edge based methods cannot model. Utilizing ODE,
stability theory, Lyapunov analyses, and bifurcation methods the work shows that nonlinear features have
a significant improvement in matching real dynamics. Powerful numerical solvers (ode45, odel5s,
ode23tb) provided by MATLAB and visualization features allowed for efficient simulation of stiff and
non-stiff systems, demonstrating sensitivity to initial conditions, parameter-dependant transitions and
characteristic nonlinear patterns. Case studies for the Lorenz system, the Van der Pol oscillator, the
Duffing model and biological population equations verify that nonlinear modelling has universal values.
The results illustrate that MATLAB is a crucial environment for predicting, analysing and optimizing
nonlinear phenomena which are critical to various scientific and engineering professional applications.
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1. Introduction

Nonlinear dynamical systems underpin a vast range of natural, engineered, biological, and socio-
economic processes. Unlike linear systems, which obey the superposition principle and behave in an
expected manner, non-linear systems exhibit a variety of complex phenomena, such as metastability,
limit cycles (oscillations), bifurcations, chaos and extreme sensitivity to initial conditions. It weeds and
destroys all case modification symbols in the given string. These are the properties of nonlinearity that
make it a system difficult to analyse, but also a representation closer to reality than what you might
expect. Calculations based on mathematical modelling provide a basis for describing these systems in
terms of differential equations or difference equations, as well as through state-space representations with
the possibility to do more systematic analyses on stability, transitions and long-term behaviour. But due
to the nonlinear nature of equations, analytical solutions are frequently blocked and one must resort to
numerical methods.

Because of its strong solvers, visualization and symbolic features, along with several toolboxes
developed for nonlinear system modelling, MATLAB comes up as an excellent simulation environment.
Solvers ode45, odel5s and these platforms integrate models effectively under stiff or chaotic conditions,
while graphical features are available for phase-plane computation, bifurcation diagram generation and
timeseries analysis. Nonlinear modelling becomes more crucial in a wide range of fields including
engineering, biology, environmental science and economics, because systems often involve nonlinear
interactions and feedback. This paper combines the state-of-the-art mathematical modelling with
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MATLAB-based simulation to study the behaviour of nonlinear dynamics and illustrate its use in
predicting, controlling, and optimizing physical systems.

1.1 Stnadard Mathematical Equations for Real-World Applications

Nonlinear dynamical systems constitute a fundamental class of models used to describe complex
behaviours across engineering, physics, biology, chemical kinetics, environmental science, and socio-
economic dynamics. Unlike linear systems, these systems violate the superposition principle and exhibit
behaviours such as multi-stability, self-excited oscillations, limit cycles, bifurcations, and chaos.
Formally, a general nonlinear dynamical system can be expressed as

x =f(x,t,p)
where

e X € R"is the vector of state variables,
e pis the set of system parameters,

« fis a nonlinear vector function, and

e Xdenotes the time derivative.

The complexity of nonlinear systems arises from the fact that even small variations in initial conditions
I 6x(0) I 1
can yield large divergences in system trajectories:
I 5x(t) = 0(e?t),

where 1 > Orepresents the maximum Lyapunov exponent, a measure of chaotic divergence.

1.1.1 Nonlinearity in Modelling: A Mathematical Perspective
Failure of Linear Approximation
A linear time-invariant (LTI) system is expressed as:
X = Ax + Bu,
where the system response to multiple inputs is simply additive. For a nonlinear system:
X = AX + Bu + g(x),

the nonlinear term g(x)violates superposition and often dominates the system behaviour. Many physical
processes cannot be approximated using first-order Taylor expansions without significant loss of
accuracy:

f(x) # £(xo) +J(Xo) (X = Xo),
where Jis the Jacobian matrix.
Equilibrium and Stability Analysis
For a dynamical system, equilibrium points satisfy:
f(x) =0.
Local stability is assessed by linearization:

, of
y=J&)y,] = = |+

https://doi.org/10.31426/ijesti.2024.4.3.4119 92



Vol 4, Issue 3, March 2024 Www.ijesti.com E-ISSN: 2582-9734
International Journal of Engineering, Science, Technology and Innovation (IJESTI)

Eigenvalues A;0f Jdetermine stability:

o Re(4;) < 0: stable
o Re(4;) > 0: unstable
o Re(4;) = 0: bifurcation or marginal stability

However, nonlinear behaviour near equilibrium may diverge significantly from linear predictions,
requiring Lyapunov stability analysis, where a Lyapunov candidate function V (x)must satisfy:

V(x)>0,V(x) <0.
Nonlinear Phenomena and Mathematical Representation
Limit Cycles
Nonlinear oscillators such as the Van der Pol system exhibit stable periodic orbits

¥—u(l—x*)x+x=0.
Bifurcations

A small parameter change may trigger sudden qualitative behaviour shifts. For example, saddle-node
bifurcation:
X =71+ x?,
creates or annihilates fixed points depending on parameter r.
Chaos

The Lorenz system is a classical chaotic model:

X =o(y —x),
y =x(p—2)-y,
z = xy — fz.

For certain values of g, p, B, the system exhibits a strange attractor and exponential sensitivity to initial
conditions.

Need for MATLAB-Based Simulation

Analytical solutions to nonlinear differential equations are rare. MATLAB therefore plays a critical role
through its numerical solvers, such as:

x(t + h) = x(t) + hd(f, t, %, h),

where ®represents a Runge—Kutta, multistep, or implicit integration algorithm.
Commonly used solvers include:

ode45 — 4th/5th-order Runge-Kutta (non-stiff)

odel5s — variable-step, multistep BDF (stiff systems)

ode23tb — trapezoidal rule + backward differentiation

MATLAB allows simulation of:

Phase Portraits
dy f2(x,y)

dx  fi(x,y)
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Bifurcation Diagrams

Xn+1 = f(xp, 1)
Poincare Sections

Used to convert continuous-time dynamics to discrete maps.
Lyapunov Exponents

1 16x(t) Il
A=lim-ln ———
oot || 6x(0) I

These tools make MATLAB ideal for modelling complex, multivariable nonlinear behaviour.

Real-World Importance of Nonlinear Modelling
Mechanical Systems
Duffing oscillator:

¥+ 6x + ax + x> = ycos (wt)
Biological Systems

Predator-prey dynamics:

X = ax— bxy,
y =—cy+dxy,
Epidemic Spread (SIR Model)
S =-—pBSI,
I =pBSI—yl,
R =yl.

Electrical Nonlinear Circuits

Chua’s circuit:
x=a(y—x—hx)),y=x—y+z2z=-Ly.

Motivation and Scope of the Present Study

Given the analytical difficulty of nonlinear systems, this study integrates:

v" Advanced mathematical modelling

v Nonlinear dynamics theory

v" MATLAB simulation (ODE solvers, Simulink, visualization)
v Real-world case studies

The objective of this paper is to

v Develop nonlinear models for realistic systems

v Analyse equilibria, stability, bifurcations, and chaotic regimes

v Implement MATLAB simulations to observe and validate behaviours

v Demonstrate applicability in engineering, biological, and environmental domains
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2. Research Background and Key Findings from the Study

Author(s) & Domain / Methodology & Tools Key Findings / Contributions
Year Application Used

Ayyappan et | Induction motor | Mathematical modelling of | Developed a low-cost, real-time fault
al. (2023) condition motor faults; MATLAB- | simulation and emulation platform for
monitoring based simulation; | three-phase induction motors.
hardware—software Validated current and vibration
emulator using Intel Atom | Signatures against industry standards,
MinnowBoard: DDS- | providing a practical and standardized
based signal generation tool for motor condition monitoring

research and industrial diagnostics.
Kravchenko | Six-legged MATLAB-Simulink Demonstrated two complementary
et al. (2023) spider robot | CAD-based automatic | modelling approaches.  Simulink
motion control | modelling; Simin Tech | offered ease of development, while
manual modelling using | Simin  Tech provided precise
differential equations; | mathematical control. The combined
feedback control | framework supports real prototype
integration development using 3D printing and

Arduino hardware.

Aguiar et al. | Mathematical Bibliometric and | Identified global research trends in
(2023) modelling & | documentary analysis | differential equations and modelling.
education using Scopus (2017-2021) | The USA led publication output;

mathematics dominated research
areas; conference papers were the
primary dissemination medium,
indicating strong academic
engagement in modelling education.

Shanjaya et | Control systems | Online system | Demonstrated that LQR improves
al. (2023) & system | identification in | stability and reduces overshoot,
identification MATLAB-Simulink; while LQT enhances tracking
SISO, SIMO, MISO, | accuracy under dynamic references.
MIMO modelling; LQR | Highlighted MATLAB’s
and LQT controllers effectiveness for modern optimal
control design in DC motor
applications.
Rahimi et al. | Wastewater Mathematical modelling of | Showed that DMECs outperform
(2023) treatment & | SMEC and DMEC | SMECs in hydrogen vyield and
hydrogen systems; energy | energy efficiency. Both systems
production performance comparison required significantly less energy
than conventional water electrolysis,
proving MECs as sustainable
alternatives.
Pop et al. | Photovoltaic MATLAB-based electrical | Demonstrated that MATLAB
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(2022) system and thermal modelling | simulations effectively predict PV
performance using PV module | performance under varying
datasheets environmental conditions, enabling
optimization and reducing
experimental cost before deployment.
Tank et al. | Power Differential equation— | Proposed a simplified analytical
(2022) electronic based inverter modelling in | modelling  approach  producing
converters MATLAB without | results comparable to Sim Power
Simulink toolboxes Systems simulations, offering a
flexible and transparent alternative
for power electronics analysis.
Sunarso et al. | Engineering Project-based MATLAB | Reported  improved  conceptual
(2020) education learning in undergraduate | understanding, self-directed learning,
process modelling and modelling competence among
students, validating hands-on
MATLAB integration in engineering
curricula.
Jagathdarani | Solar PV | MATLAB-based PV | Demonstrated temperature-dependent
et al. (2015) modelling & | modelling; real-time | PV performance degradation. Real-
monitoring monitoring using | time efficiency was lower than
LabVIEW and NI DAQ | simulation  results,  highlighting
hardware practical losses not fully captured by
models.
Sawai et al. | Sensors & | MATLAB-based Emphasized the importance of
(2015) dynamic modelling and real-time | dynamic modelling and experimental
performance measurement systems validation ~ for  reliable  sensor
performance under varying
operational conditions.

3. Mathematical Formulation for Real-World Applications

Superiority of Nonlinear Mathematical Modelling

The study establishes that nonlinear dynamical models provide significantly higher fidelity than linearized
approximations in representing real-world systems. A general nonlinear dynamical system is expressed as

x =f(x,u),x € R"

where xdenotes the state vector and urepresents system parameters.

Linearization around an equilibrium point x,

X ~ J(Xo)(X — Xq)

fails to capture essential nonlinear phenomena such as limit cycles, saturation, hysteresis, and chaotic
attractors. Nonlinear formulations were therefore indispensable for accurately modelling complex system

behaviour.

Sensitivity to Initial Conditions and Chaotic Behaviour
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Simulations revealed strong sensitivity to initial conditions, a defining characteristic of chaos. For two
nearby trajectories x; (0)and x,(0),

I %5 (8) — %2 (8) =l x,(0) —x,(0) || e*

where A > 0is the maximum Lyapunov exponent, indicating exponential divergence. In the Lorenz
system,

i =oy-x)
y =x(p—2)-y
V4 =xy—fz

small perturbations in initial conditions led to drastically different trajectories, confirming chaotic
dynamics.

Parameter-Dependent Transitions and Bifurcation

Parameter variation studies identified critical bifurcation points where system behaviour changed
qualitatively. A Hopf bifurcation occurs when a pair of complex conjugate eigenvalues crosses the
imaginary axis

Re(ll’z) == 0
Similarly, saddle-node bifurcations were observed when equilibrium solutions merged and vanished
dfeom _
dx

These transitions were clearly visualized using MATLAB-generated bifurcation diagrams.

Effectiveness of MATLAB-Based Numerical Solvers
MATLAB solvers efficiently integrated nonlinear systems of the form

x = f(t,x)
ode45 (Runge—Kutta) for non-stiff systems

odel5s and ode23tb for stiff systems

Phase portraits (x;’x,), Poincaré sections, and Lyapunov exponent plots enabled comprehensive
interpretation of stability and long-term behaviour.

Identification of Universal Nonlinear Phenomena
The following hallmark nonlinear behaviours were consistently observed:
Limit cycles in the Van der Pol oscillator
¥—u(l—xHx+x=0
Nonlinear oscillations in the Duffing oscillator
¥+ 6% + ax + fx3 = ycos (wt)
Chaotic attractors in Lorenz and Chua systems

Multivariable coupling in biological population models: These results confirm the universality of
nonlinear dynamics across physical, biological, and engineered systems.

Real-World Applicability of Nonlinear Models: Applications demonstrated the indispensability of
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nonlinear modelling in diverse domains

Biological systems (Lotka—Volterra model)

X =ax—bxy
y =-—cy+dxy
Epidemiology (SIR model)
S =-—BSI
I =pBSI—yl
R =yl

Mechanical vibrations, nonlinear electrical circuits, and socio-economic feedback systems
4. Conclusion

This study has shown that nonlinear dynamical systems play a central role in accurately describing
complex behaviours in real-world processes. Through means of mathematical modelling, stability
analysis, and chaos theory the paper demonstrates that nonlinear systems cannot be properly reduced to
their linear counterparts unless they are willing to drop necessary attitudes. It appeared that MATLAB
was a very useful framework for simulating the systems because it provides powerful numerical solvers
and visualization options. The use of techniques, including phase-plane plots, bifurcation diagrams and
calculation of Lyapunov exponent helped identify areas with stable motion, oscillation dynamics and
chaotic behaviour. Also, numerical experiments complemented the theoretical results by showing how
nonlinear models respond to input changes, parameter modifications, and external perturbation. It claims
that combining simulation with sophisticated mathematical modelling of dynamic systems shares a
synergy with MATLAB-based simulation to yield an accurate and effective platform for analysing,
predicting, and controlling (complex) systems in applications within engineering, biological, and
environmental contexts. This strategy facilitates system design, enhances prediction precision and can
benefit the development of intelligent control policies. The dominance of nonlinear systems in
applications and in nature, this joint modelling—simulation-based framework introduces a sound basis for
further studies, optimization, and applications.
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